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Abstract. After an introduction to the Standard-Model description of CP
violation and a brief look at the present status of this phenomenon in
the kaon system, a classification of non-leptonic B-decays is given and the
formalism of B0d,s–B
0
d,s mixing is discussed. We then turn to the B-factory
benchmark modes, CP violation in charged B decays, and the Bs-meson
system. Finally, we focus both on B → πK decays, which play an important
role to probe the CKM angle γ, and on the Bd → π+π−, Bs → K+K−
system, which allows an interesting determination of β and γ.
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1. Introduction
The violation of the CP symmetry, where C and P denote the charge-
conjugation and parity-transformation operators, respectively, is one of the
fundamental phenomena in particle physics. Although weak interactions are
neither invariant under P , nor invariant under C, it was originally believed
that the product CP was preserved. Consider, for instance, the process
π+ → e+νe C−→ π− → e−νCe P−→ π− → e−νe. (1)
Here the left-handed νCe state is not observed in nature; only after perform-
ing an additional parity transformation we obtain the right-handed electron
antineutrino. In 1964, it was then found experimentally through the obser-
vation of KL → π+π− decays that weak interactions are not invariant
under CP transformations [1]. So far, CP violation has only been observed
in the kaon system, and we still have few experimental insights into this
phenomenon. However, the measurement of CP asymmetries should also
be “around the corner” in B decays [2], which are currently explored in
great detail at the B-factories. For a collection of basic references on CP
violation and B physics, the reader is referred to Refs. [3, 4].
2Studies of CP -violating effects are very exciting, since physics beyond
the Standard Model is usually associated with new sources for CP violation.
Important examples are non-minimal supersymmetry, left-right-symmetric
models, models with extended Higgs sectors, and many other scenarios for
“new” physics [5]. In this context, it is also interesting to note that the
evidence for neutrino masses we got during the recent years points towards
physics beyond the Standard Model [6], raising the question of CP violation
in the neutrino sector [7], which may be studied in the more distant future
at ν-factories. In cosmology, CP violation plays also a crucial role: one
of the necessary conditions to generate the matter–antimatter asymmetry
of our Universe is – in addition to baryon number violation and deviations
from thermal equilibrium – that the elementary interactions have to violate
CP (and C) [8, 9]. Recent model calculations indicate, however, that the
CP violation present in the Standard Model is too small to generate the
observed matter–antimatter asymmetry of O(10−10) [10].
Concerning quantitative tests of the Standard-Model description of CP
violation, the B-meson system is particularly promising. In the search for
new physics, it is crucial to have CP -violating B-decay processes available
that can be analysed reliably within the framework of the Standard Model,
which will be the major topic of these lectures. Presently, we are at the
beginning of the B-factory era in particle physics, and in the summer of
2000, the BaBar (SLAC) and Belle (KEK) collaborations have already re-
ported their first results. Moreover, HERA-B (DESY) has seen first events,
CLEO-III (Cornell) has started taking data, and run II of the Tevatron
(Fermilab) will follow next spring. A lot of interesting physics will also
be left for “second-generation” B-experiments at hadron machines, LHCb
(CERN) and BTeV (Fermilab). Detailed studies of the B-physics potentials
of BaBar, run II of the Tevatron, and the LHC can be found in Ref. [11].
The outline of these lectures is as follows: in Section 2, we discuss
the Standard-Model description of CP violation. After a brief look at the
present status of CP violation in the kaon system in Section 3, we turn
to the B system in Section 4 by giving a classification of non-leptonic B-
decays and introducing low-energy effective Hamiltonians. A key element
for CP violation in the B system – the formalism of B0d,s–B
0
d,s mixing – is
presented in Section 5, and is applied to important B-factory benchmark
modes in Section 6. We then turn to CP violation in charged B decays in
Section 7, and discuss the Bs-meson system – the “El Dorado” for hadron
machines – in Section 8. The remainder of these lectures is devoted to two
more recent developments: the phenomenology of B → πK decays, which
is the topic of Section 9, and the Bd → π+π−, Bs → K+K− system, which
is discussed Section 10. Before concluding in Section 12, we make a few
comments on other interesting rare B decays in Section 11.
32. The Standard-Model Description of CP Violation
Within the Standard Model of electroweak interactions [12], CP violation is
closely related to the Cabibbo–Kobayashi–Maskawa (CKM) matrix [13, 14],
connecting the electroweak eigenstates (d′, s′, b′) of the down, strange and
bottom quarks with their mass eigenstates (d, s, b) through the following
unitary transformation:

 d′s′
b′

 =

 Vud Vus VubVcd Vcs Vcb
Vtd Vts Vtb

 ·

 ds
b

 ≡ VˆCKM ·

 ds
b

 . (2)
The elements of the CKMmatrix describe charged-current couplings, as can
be seen easily by expressing the non-leptonic charged-current interaction
Lagrangian in terms of the mass eigenstates appearing in (2):
LCCint = −
g2√
2
(
u¯L, c¯L, t¯L
)
γµ VˆCKM

 dLsL
bL

W †µ + h.c., (3)
where the gauge coupling g2 is related to the gauge group SU(2)L, and the
W
(†)
µ field corresponds to the charged W -bosons.
2.1. PARAMETRIZATIONS OF THE CKM MATRIX
The phase structure of the CKM matrix is not unique, as we may perform
the following phase transformations:
VUD → exp(iξU )VUD exp(−iξD), (4)
which are related to redefinitions of the up- and down-type quark fields:
U → exp(iξU )U, D → exp(iξD)D. (5)
Using these transformations, it can be shown that the general N -generation
quark-mixing-matrix is described by (N − 1)2 parameters, which consist of
N(N − 1)/2 Euler-type angles, and (N − 1)(N − 2)/2 complex phases. In
the two-generation case [13], we arrive therefore at
VˆC =
(
cos θC sin θC
− sin θC cos θC
)
, (6)
where sin θC = 0.22 can be determined from K → πe+νe decays.
In the case of three generations, three Euler-type angles and a single
complex phase are needed to parametrize the CKM matrix. This complex
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Figure 1. Hierarchy of the quark transitions mediated through charged currents.
phase allows us to accommodate CP violation in the Standard Model, as
was pointed out by Kobayashi and Maskawa in 1973 [14]. In the “standard
parametrization”, the three-generation CKM matrix takes the form
 c12c13 s12c13 s13e
−iδ13
−s12c23 − c12s23s13eiδ13 c12c23 − s12s23s13eiδ13 s23c13
s12s23 − c12c23s13eiδ13 −c12s23 − s12c23s13eiδ13 c23c13

 , (7)
where cij = cos θij and sij = sin θij . Another interesting parametrization of
the CKM matrix was proposed by Fritzsch and Xing [15], which is based
on the hierarchical structure of the quark mass spectrum.
In Fig. 1, the hierarchy of the strengths of the quark transitions me-
diated through charged-current interactions is illustrated. In the standard
parametrization (7), it is reflected by
s12 = 0.22 ≫ s23 = O(10−2) ≫ s13 = O(10−3). (8)
If we introduce new parameters λ, A, ρ and η by imposing the relations
s12 ≡ λ = 0.22, s23 ≡ Aλ2, s13e−iδ ≡ Aλ3(ρ− iη), (9)
and go back to the standard parametrization (7), we arrive at
VˆCKM =

 1−
1
2λ
2 λ Aλ3(ρ− i η)
−λ 1− 12λ2 Aλ2
Aλ3(1− ρ− i η) −Aλ2 1

+O(λ4). (10)
This is the “Wolfenstein parametrization” of the CKM matrix [16]. It cor-
responds to an expansion in powers of the small quantity λ = 0.22, and is
very useful for phenomenological applications. A detailed discussion of the
next-to-leading order terms in λ can be found in Ref. [17].
52.2. FURTHER REQUIREMENTS FOR CP VIOLATION
As we have just seen, three generations are necessary to accommodate CP
violation in the Standard Model. However, still more conditions have to be
satisfied. They can be summarized as follows:
(m2t −m2c)(m2t −m2u)(m2c −m2u)
×(m2b −m2s)(m2b −m2d)(m2s −m2d)× JCP 6= 0, (11)
where
JCP = ± Im
(
ViαVjβV
∗
iβV
∗
jα
)
(i 6= j, α 6= β) . (12)
The “Jarlskog Parameter” JCP represents a measure of the “strength”
of CP violation within the Standard Model [18]. Using the Wolfenstein
parametrization, we obtain
JCP = λ
6A2η = O(10−5). (13)
Consequently, CP violation is a small effect in the Standard Model. How-
ever, typically new complex couplings are present in scenarios for new
physics, yielding additional sources for CP violation.
2.3. THE UNITARITY TRIANGLES OF THE CKM MATRIX
Concerning tests of the CKM picture of CP violation, the central targets
are the unitarity triangles of the CKM matrix. The unitarity of the CKM
matrix, which is described by
Vˆ †CKM · VˆCKM = 1ˆ = VˆCKM · Vˆ †CKM, (14)
leads to a set of 12 equations, consisting of 6 normalization relations and
6 orthogonality relations. The latter can be represented as 6 triangles in
the complex plane, all having the same area, 2A∆ = |JCP| [19]. However,
in only two of them, all three sides are of comparable magnitude O(λ3),
while in the remaining ones, one side is suppressed relative to the others by
O(λ2) or O(λ4). The orthogonality relations describing the non-squashed
triangles are given by
Vud V
∗
ub + Vcd V
∗
cb + Vtd V
∗
tb = 0 [1st and 3rd column] (15)
V ∗ub Vtb + V
∗
us Vts + V
∗
ud Vtd = 0 [1st and 3rd row]. (16)
At leading order in λ, these relations agree with each other, and yield
(ρ+ iη)Aλ3 + (−Aλ3) + (1− ρ− iη)Aλ3 = 0. (17)
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Figure 2. The two non-squashed unitarity triangles of the CKM matrix: (a) and (b)
correspond to the orthogonality relations (15) and (16), respectively.
Consequently, they describe the same triangle in the ρ–η plane1, which
is usually referred to as “the” unitarity triangle of the CKM matrix [20].
However, in the era of second-generation B experiments, the experimental
accuracy will be so tremendous that we will also have to take into account
the next-to-leading order terms of the Wolfenstein expansion, and will have
to distinguish between the unitarity triangles described by (15) and (16).
They are illustrated in Fig. 2, where ρ and η are related to the Wolfenstein
parameters ρ and η through [17]
ρ ≡
(
1− λ2/2
)
ρ, η ≡
(
1− λ2/2
)
η. (18)
Note that γ = γ′+ δγ. The sides Rb and Rt of the unitarity triangle shown
in Fig. 2 (a) are given as follows:
Rb =
(
1− λ
2
2
)
1
λ
∣∣∣∣VubVcb
∣∣∣∣ =
√
ρ2 + η2 = 0.41± 0.07 (19)
Rt =
1
λ
∣∣∣∣VtdVcb
∣∣∣∣ =
√
(1− ρ)2 + η2 = O(1), (20)
and will show up at several places throughout these lectures.
2.4. TOWARDS AN ALLOWED RANGE IN THE ρ–η PLANE
The parameter Rb introduced in (19), i.e. the ratio |Vub|/|Vcb|, can be de-
termined through semi-leptonic b → u and b → c decays. It fixes a circle
in the ρ–η plane around (0, 0) with radius Rb. The second side Rt of the
unitarity triangle shown in Fig. 2 (a) can be determined through B0d,s–B
0
d,s
mixing. It fixes another circle in the ρ–η plane, which is centered at (1, 0)
1Usually, the triangle relation (17) is divided by the overall normalization Aλ3.
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Figure 3. Contours to determine the unitarity triangle in the ρ–η plane.
and has radius Rt. Finally, using experimental information on an observ-
able ε, which describes “indirect” CP violation in the neutral kaon system
and will be discussed in the next section, a hyperbola in the ρ–η plane can
be fixed. These contours are sketched in Fig. 3; their intersection gives the
apex of the unitarity triangle shown in Fig. 2 (a). The contours that are
implied by B0d–B
0
d mixing and ε depend on |Vcb|, the top-quark mass, QCD
corrections, and non-perturbative parameters (for a review, see [4]). This
feature leads to strong correlations between theoretical and experimental
uncertainties. A detailed recent analysis was performed by Ali and London
[21], who find the following ranges:
75◦ ≤ α ≤ 121◦, 16◦ ≤ β ≤ 34◦, 38◦ ≤ γ ≤ 81◦. (21)
We shall come back to this issue in Subsection 8.1, where we emphasize
that the present experimental lower bound on B0s–B
0
s mixing has already a
very important impact on the allowed range in the ρ–η plane (see Fig. 16).
3. A Brief Look at CP Violation in the Kaon System
Although the discovery of CP violation goes back to 1964 [1], so far this
phenomenon could only be observed in the K-meson system. Here it is
described by two complex quantities, called ε and ε′, which are defined by
the following ratios of decay amplitudes:
A(KL → π+π−)
A(KS → π+π−) = ε+ ε
′,
A(KL → π0π0)
A(KS → π0π0) = ε− 2 ε
′. (22)
While ε = (2.280±0.013)×eipi4 ×10−3 parametrizes “indirect” CP violation,
originating from the fact that the mass eigenstates of the neutral kaon
8system are not CP eigenstates, the quantity Re(ε′/ε) measures “direct”
CP violation in K → ππ transitions. The CP -violating observable ε plays
an important role to constrain the unitarity triangle [4, 21] and implies
– using reasonable assumptions about certain hadronic parameters – in
particular a positive value of the Wolfenstein parameter η. In 1999, new
measurements of Re(ε′/ε) have demonstrated that this observable is non-
zero, thereby excluding “superweak” models of CP violation [22]:
Re(ε′/ε) =
{
(28 ± 4.1)× 10−4 (KTeV Collaboration [23]),
(14 ± 4.3)× 10−4 (NA48 Collaboration [24]). (23)
Unfortunately, the calculations of Re(ε′/ε) are very involved and suffer at
present from large hadronic uncertainties [25]. Consequently, this observ-
able does not allow a powerful test of the CP -violating sector of the Stan-
dard Model, unless the hadronic matrix elements of the relevant operators
can be brought under better control.
In order to test the Standard-Model description of CP violation, the
rare decays KL → π0νν and K+ → π+νν are more promising, and may
allow a determination of sin(2β) with respectable accuracy [26]. Yet it is
clear that the kaon system by itself cannot provide the whole picture of
CP violation, and therefore it is essential to study CP violation outside
this system. In this respect, B-meson decays appear to be most promising.
There are of course also other interesting probes to explore CP violation,
for example, the neutral D-meson system or electric dipole moments, which
will, however, not be addressed further in these lectures.
4. Non-leptonic B Decays
With respect to testing the Standard-Model description of CP violation,
the major role is played by non-leptonic B decays, which are mediated by
b→ q1 q2 d (s) quark-level transitions (q1, q2 ∈ {u, d, c, s}).
4.1. CLASSIFICATION
There are two kinds of topologies contributing to non-leptonic B decays:
tree-diagram-like and “penguin” topologies. The latter consist of gluonic
(QCD) and electroweak (EW) penguins. In Figs. 4–6, the corresponding
leading-order Feynman diagrams are shown. Depending on the flavour con-
tent of their final states, we may classify b→ q1 q2 d (s) decays as follows:
− q1 6= q2 ∈ {u, c}: only tree diagrams contribute.
− q1 = q2 ∈ {u, c}: tree and penguin diagrams contribute.
− q1 = q2 ∈ {d, s}: only penguin diagrams contribute.
9b q1
q2
d (s)
W
Figure 4. Tree diagrams (q1, q2 ∈ {u, c}).
b d (s)
u, c, t
W
G
q1
q2 = q1
Figure 5. QCD penguin diagrams (q1 = q2 ∈ {u, d, c, s}).
4.2. LOW-ENERGY EFFECTIVE HAMILTONIANS
In order to analyse non-leptonic B decays theoretically, one uses low-energy
effective Hamiltonians, which are calculated by making use of the opera-
tor product expansion, yielding transition matrix elements of the following
structure:
〈f |Heff |i〉 = GF√
2
λCKM
∑
k
Ck(µ)〈f |Qk(µ)|i〉 . (24)
The operator product expansion allows us to separate the short-distance
contributions to this transition amplitude from the long-distance ones,
which are described by perturbative Wilson coefficient functions Ck(µ)
and non-perturbative hadronic matrix elements 〈f |Qk(µ)|i〉, respectively.
As usual, GF is the Fermi constant, λCKM is a CKM factor, and µ denotes
an appropriate renormalization scale. The Qk are local operators, which are
b d (s)
u, c, t
W
Z, γ
q1
q2 = q1
b d (s)
u, c, t
W
Z, γ
q1
q2 = q1
Figure 6. Electroweak penguin diagrams (q1 = q2 ∈ {u, d, c, s}).
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Figure 7. Feynman diagram contributing at leading order to B0d → D
+K−.
generated by QCD and electroweak interactions and govern “effectively”
the decay in question. The Wilson coefficients Ck(µ) can be considered as
scale-dependent couplings related to the vertices described by the Qk.
Let us consider B0d → D+K−, a pure “tree” decay, as an example. At
leading order, this transition originates from the process shown in Fig. 7.
Evaluating the corresponding Feynman diagram yields the amplitude
− g
2
2
8
V ∗usVcb [sγ
ν(1− γ5)u]
[
gνµ
k2 −M2W
]
[cγµ(1− γ5)b] . (25)
As k2 ≈ m2b ≪M2W , we have
gνµ
k2 −M2W
−→ − gνµ
M2W
≡ −
(
8GF√
2g22
)
gνµ, (26)
i.e. we may “integrate out” the W -boson in (25), and arrive at
Heff = GF√
2
V ∗usVcb [sαγµ(1− γ5)uα] [cβγµ(1− γ5)bβ]
=
GF√
2
V ∗usVcb(sαuα)V–A(cβbβ)V–A ≡
GF√
2
V ∗usVcbO2 , (27)
where α and β denote SU(3)C colour indices. Effectively, the vertex shown
in Fig. 7 is now described by the “current–current” operator O2 (see Fig. 8).
2
b c
u
s
O
Figure 8. The vertex described by the “current–current” operator O2.
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If we take into account QCD corrections, operator mixing leads to a
second “current–current” operator:
O1 ≡ [sαγµ(1− γ5)uβ ] [cβγµ(1− γ5)bα] . (28)
Consequently, we obtain a low-energy effective Hamiltonian of the following
structure:
Heff = GF√
2
V ∗usVcb [C1(µ)O1 + C2(µ)O2] , (29)
where C1(µ) 6= 0 and C2(µ) 6= 1 are due to QCD renormalization effects.
In order to evaluate these coefficients, we first have to calculate QCD cor-
rections to the vertices shown in Figs. 7 and 8, and then have to express
the QCD-corrected transition amplitude in terms of QCD-corrected ma-
trix elements and Wilson coefficients as in (24). This procedure is called
“matching”. The results for the Ck(µ) obtained this way contain terms of
log(µ/MW ), which become large for µ = O(mb), the scale governing the
hadronic matrix elements of the Ok. However, the renormalization group,
exploiting the fact that the transition amplitude (24) cannot depend on the
chosen renormalization scale µ, allows us to sum up the following terms of
the Wilson coefficients:
αns
[
log
(
µ
MW
)]n
(LO), αns
[
log
(
µ
MW
)]n−1
(NLO), ... (30)
A detailed discussion of these techniques can be found in Refs. [27, 28].
4.3. DECAYS WITH TREE AND PENGUIN CONTRIBUTIONS
In order to explore CP violation in the B system, non-leptonic decays
receiving both tree and penguin contributions, i.e. |∆B| = 1, ∆C = ∆U = 0
modes (see Subsection 4.1), play an outstanding role. In this case, because
of the penguin topologies, the operator basis is much larger than in our
example (29), where we considered a pure “tree” decay. We obtain
Heff = GF√
2

 ∑
j=u,c
V ∗jrVjb
{
2∑
k=1
Ck(µ)Q
jr
k +
10∑
k=3
Ck(µ)Q
r
k
} , (31)
where the operators Qjrk (j ∈ {u, c}, r ∈ {d, s}) can be divided as follows:
− Current–current operators:
Qjr1 = (rαjβ)V–A(jβbα)V–A
Qjr2 = (rαjα)V–A(jβbβ)V–A.
(32)
12
− QCD penguin operators:
Qr3 = (rαbα)V–A
∑
q′(q
′
βq
′
β)V–A
Qr4 = (rαbβ)V–A
∑
q′(q
′
βq
′
α)V–A
Qr5 = (rαbα)V–A
∑
q′(q
′
βq
′
β)V+A
Qr6 = (rαbβ)V–A
∑
q′(q
′
βq
′
α)V+A.
(33)
− Electroweak (EW) penguin operators (the eq′ denote quark charges):
Qr7 =
3
2(rαbα)V–A
∑
q′ eq′(q
′
βq
′
β)V+A
Qr8 =
3
2(rαbβ)V–A
∑
q′ eq′(q
′
βq
′
α)V+A
Qr9 =
3
2(rαbα)V–A
∑
q′ eq′(q
′
βq
′
β)V–A
Qr10 =
3
2(rαbβ)V–A
∑
q′ eq′(q
′
βq
′
α)V–A.
(34)
The current–current, QCD and EW penguin operators are related to the
tree, QCD and EW penguin processes shown in Figs. 4–6. At a renormal-
ization scale µ = O(mb), the Wilson coefficients of the current–current
operators are C1(µ) = O(10−1) and C2(µ) = O(1), whereas those of the
penguin operators are O(10−2). The calculation of (31) beyond the lead-
ing logarithmic approximation (LO) has been reviewed in [28], where also
numerical values of the corresponding (NLO) Wilson coefficients are given.
4.4. ELECTROWEAK PENGUIN EFFECTS
Since the ratio α/αs = O(10−2) of the QED and QCD couplings is very
small, we expect naively that EW penguins should play a minor role in
comparison with QCD penguins. This would actually be the case if the top
quark was not “heavy”. However, since the Wilson coefficient of the EW
penguin operator Q9 increases strongly with the top-quark mass mt, we
obtain interesting EW penguin effects in several B decays: B− → K−φ is
affected significantly by EW penguins, whereas B → πφ and Bs → π0φ are
even dominated by such topologies [29, 30]. Electroweak penguins have also
an important impact on B → πK modes [31], as we will discuss in more
detail in Section 9.
4.5. FACTORIZATION OF HADRONIC MATRIX ELEMENTS
In order to discuss “factorization”, let us consider again our example from
Subsection 4.2, the decay B0d → D+K−. The problem in the evaluation of
the corresponding transition amplitude is the calculation of the hadronic
matrix elements of the O1,2 operators between the 〈K−D+| final and |B0d〉
initial states. Making use of the well-known SU(NC) colour-algebra relation
T aαβT
a
γδ =
1
2
(
δαδδβγ − 1
NC
δαβδγδ
)
(35)
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to re-write the operator O1, we obtain
〈K−D+|Heff |B0d〉 =
GF√
2
V ∗usVcb
[
a1〈K−D+|(sαuα)V–A(cβbβ)V–A|B0d〉
+2C1〈K−D+|(sα T aαβ uβ)V–A(cγ T aγδ bδ)V–A|B0d〉
]
, (36)
with
a1 =
C1
NC
+C2. (37)
It is now straightforward to “factorize” the hadronic matrix elements:
〈K−D+|(sαuα)V–A(cβbβ)V–A|B0d〉
∣∣∣
fact
= 〈K−| [sαγµ(1− γ5)uα] |0〉〈D+| [cβγµ(1− γ5)bβ ] |B0d〉
∝ fK(“decay constant”) × FBD(“form factor”), (38)
〈K−D+|(sα T aαβ uβ)V–A(cγ T aγδ bδ)V–A|B0d〉
∣∣∣
fact
= 0. (39)
The quantity introduced in (37) is a phenomenological “colour factor”, gov-
erning “colour-allowed” decays. In the case of “colour-suppressed” modes,
for instance B0d → π0D0, we have to deal with the combination
a2 = C1 +
C2
NC
. (40)
The concept of “factorization” of hadronic matrix elements has a long
history [32], and can be justified, for example, in the large NC limit [33].
Recently, an interesting approach was proposed in Ref. [34], which may pro-
vide an important step towards a rigorous basis for factorization for a large
class of non-leptonic two-body B-meson decays in the heavy-quark limit.
The resulting “factorization” formula incorporates elements both of the
“naive” factorization approach sketched above and of the hard-scattering
picture. Let us consider a decay B →M1M2, where M1 picks up the spec-
tator quark. If M1 is either a heavy (D) or a light (π, K) meson, and
M2 a light (π, K) meson, a “QCD factorization” formula of the following
structure can be derived:2
A(B →M1M2) = [“naive factorization”]
× [1 + calculable O(αs) + O(ΛQCD/mb)] . (41)
Whereas the O(αs) terms, i.e. the radiative non-factorizable corrections
to “naive” factorization, can be calculated in a systematic way, the main
limitation is due to the O(ΛQCD/mb) terms, which require further studies.
2“QCD factorization” does not hold, if M2 is a heavy (D) meson.
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Figure 9. Box diagrams contributing to B0q–B
0
q mixing (q ∈ {d, s}).
5. The Formalism of B0d,s–B
0
d,s Mixing
Within the Standard Model, B0q–B
0
q mixing (q ∈ {d, s}) is induced at lowest
order through the box diagrams shown in Fig. 9. The Wigner–Weisskopf
formalism yields an effective Schro¨dinger equation
i
∂
∂t
(
a(t)
b(t)
)
=
[(
M
(q)
0 M
(q)
12
M
(q)∗
12 M
(q)
0
)
− i
2
(
Γ
(q)
0 Γ
(q)
12
Γ
(q)∗
12 Γ
(q)
0
)]
·
(
a(t)
b(t)
)
,
(42)
which describes the time evolution of the state vector
|ψq(t)〉 = a(t)
∣∣∣B0q〉+ b(t) ∣∣∣B0q〉 . (43)
5.1. SOLUTION OF THE SCHRO¨DINGER EQUATION
It is straightforward to calculate the eigenstates
∣∣∣B(q)± 〉 and eigenvalues λ(q)±
of the Hamiltonian given in (42):
∣∣∣B(q)± 〉 = 1√
1 + |αq|2
(∣∣∣B0q〉± αq ∣∣∣B0q〉) (44)
λ
(q)
± =
(
M
(q)
0 −
i
2
Γ
(q)
0
)
±
(
M
(q)
12 −
i
2
Γ
(q)
12
)
αq, (45)
where
αqe
+i
(
Θ
(q)
Γ12
+n′pi
)
=
√√√√√√ 4
∣∣∣M (q)12 ∣∣∣2 e−i2δΘ(q)M/Γ + ∣∣∣Γ(q)12 ∣∣∣2
4
∣∣∣M (q)12 ∣∣∣2 + ∣∣∣Γ(q)12 ∣∣∣2 − 4 ∣∣∣M (q)12 ∣∣∣ ∣∣∣Γ(q)12 ∣∣∣ sin δΘ(q)M/Γ
. (46)
Here M
(q)
12 ≡ eiΘ
(q)
M12 |M (q)12 |, Γ(q)12 ≡ eiΘ
(q)
Γ12 |Γ(q)12 | and δΘ(q)M/Γ ≡ Θ
(q)
M12
− Θ(q)Γ12 .
The n′ ∈ {0, 1} parametrizes the sign of the square root appearing in that
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expression. Calculating the dispersive parts of the box diagrams gives [4]
M
(q)
12 =
G2FM
2
WηBmBqBBqF
2
Bq
12π2
(
V ∗tqVtb
)2
S0(xt) e
i(pi−φCP(Bq)), (47)
where ηB is a perturbative QCD correction, mBq the Bq-meson mass, BBq a
non-perturbative “bag” parameter related to 〈B0q |[b γµ(1− γ5)q]2|B0q 〉, FBq
the Bq decay constant, xt ≡ m2t/M2W , S0(xt) = O(1), and
(CP)
∣∣∣B0q〉 = eiφCP(Bq) ∣∣∣B0q〉 . (48)
Moreover, we obtain from the absorptive parts of the boxes:
Γ
(q)
12
M
(q)
12
≈ − 3π
2S0(xt)
m2b
M2W
= O(m2b/m2t )≪ 1. (49)
Consequently, neglecting 2nd order terms, we arrive at
αq =
[
1 +
|Γ(q)12 |
2|M (q)12 |
sin δΘ
(q)
M/Γ
]
e
−i
(
Θ
(q)
M12
+n′pi
)
. (50)
The deviation of |αq| from 1 describes CP violation in B0q–B0q oscillations,
and can be probed through “wrong-charge” lepton asymmetries:
A(q)SL ≡
Γ(B0q (t)→ l−νlX)− Γ(B0q (t)→ l+νlX)
Γ(B0q (t)→ l−νlX) + Γ(B0q (t)→ l+νlX)
=
|αq|4 − 1
|αq|4 + 1 ≈
|Γ(q)12 |
|M (q)12 |
sin δΘ
(q)
M/Γ. (51)
Note that the time dependences cancel in (51). Because of
|Γ(q)12 |/|M (q)12 | ∝ m2b/m2t , sin δΘ(q)M/Γ ∝ m2c/m2b , (52)
the asymmetry A(q)SL is suppressed by a factor m2c/m2t = O(10−4), and is
hence very small in the Standard Model. Consequently, it represents an
interesting probe to search for new physics.
5.2. TIME EVOLUTION
The time evolution of initially, i.e. at t = 0, pure |B0q 〉- and |B0q 〉-meson
states is given by∣∣∣B0q (t)〉 = f (q)+ (t) ∣∣∣B0q〉+ αqf (q)− (t) ∣∣∣B0q〉 (53)∣∣∣B0q (t)〉 = 1αq f (q)− (t)
∣∣∣B0q〉+ f (q)+ (t) ∣∣∣B0q〉 , (54)
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where
f
(q)
± (t) =
1
2
[
e−iλ
(q)
+ t ± e−iλ(q)− t
]
. (55)
These time-dependent state vectors allow the calculation of the correspond-
ing transition rates. To this end, it is useful to introduce
∣∣∣g(q)± (t)∣∣∣2 = 14
[
e−Γ
(q)
L
t + e−Γ
(q)
H
t ± 2 e−Γqt cos(∆Mqt)
]
(56)
g
(q)
− (t) g
(q)
+ (t)
∗ =
1
4
[
e−Γ
(q)
L
t − e−Γ(q)H t + 2 i e−Γqt sin(∆Mqt)
]
, (57)
and
ξ
(q)
f = e
−iΘ
(q)
M12
A(B0q → f)
A(B0q → f)
, ξ
(q)
f
= e
−iΘ
(q)
M12
A(B0q → f)
A(B0q → f)
, (58)
where
Θ
(q)
M12
= π + 2arg
(
V ∗tqVtb
)
− φCP(Bq) (59)
is the CP -violating weak B0q–B
0
q mixing phase. Whereas Θ
(q)
M12
depends on
the chosen CKM and CP phase conventions, ξ
(q)
f and ξ
(q)
f
are convention-
independent observables.
The g
(q)
± (t) are related to the f
(q)
± (t). However, whereas the latter func-
tions depend on n′, the g
(q)
± (t) do not depend on this parameter. The n
′-
dependence is cancelled by introducing the positive mass difference
∆Mq ≡M (q)H −M (q)L = 2
∣∣∣M (q)12 ∣∣∣ > 0 (60)
of the mass eigenstates |BHq 〉 (“heavy”) and |BLq 〉 (“light”). The quantities
Γ
(q)
H and Γ
(q)
L denote the corresponding decay widths. Their difference can
be expressed as
∆Γq ≡ Γ(q)H − Γ(q)L =
4Re
[
M
(q)
12 Γ
(q)∗
12
]
∆Mq
, (61)
whereas their average is given by
Γq ≡ Γ
(q)
H + Γ
(q)
L
2
= Γ
(q)
0 . (62)
There is the following interesting relation:
∆Γq
Γq
≈ − 3π
2S0(xt)
m2b
M2W
xq = O(10−2)× xq, (63)
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where
xq ≡ ∆Mq
Γq
=
{
0.723 ± 0.032 (q = d)
O(20) (q = s) (64)
denotes the B0q–B
0
q “mixing parameter”. Consequently, there may be a
sizeable width difference in the Bs system, whereas ∆Γd is expected to be
negligibly small. We shall come back to ∆Γs in Section 8.
Combining the formulae listed above, we arrive at the following transi-
tion rates for decays of initially, i.e. at t = 0, present B0q - and B
0
q -mesons:
Γ(
(—)
B0q (t)→ f)
=
[∣∣∣g(q)∓ (t)∣∣∣2 + ∣∣∣ξ(q)f
∣∣∣2 ∣∣∣g(q)± (t)∣∣∣2 − 2Re{ξ(q)f g(q)± (t)g(q)∓ (t)∗}
]
Γ˜f , (65)
where the time-independent rate Γ˜f corresponds to the “unevolved” decay
amplitude A(B0q → f), which can be calculated by performing the usual
phase-space integrations. The rates into the CP -conjugate final state f can
be obtained straightforwardly from (65) through the substitutions
Γ˜f → Γ˜f , ξ
(q)
f → ξ(q)f . (66)
5.3. CP-VIOLATING ASYMMETRIES
A particularly simple and interesting situation arises if we restrict our-
selves to decays of neutral Bq-mesons into CP self-conjugate final states
|f〉, satisfying the relation
(CP)|f〉 = ± |f〉. (67)
Consequently, we have ξ
(q)
f = ξ
(q)
f
in this case (see (58)). Using (65), the
corresponding time-dependent CP asymmetry can be expressed as
aCP(t) ≡
Γ(B0q (t)→ f)− Γ(B0q (t)→ f)
Γ(B0q (t)→ f) + Γ(B0q (t)→ f)
(68)
=
[
AdirCP(Bq → f) cos(∆Mqt) +AmixCP (Bq → f) sin(∆Mqt)
cosh(∆Γqt/2)−A∆Γ(Bq → f) sinh(∆Γqt/2)
]
,
where we have separated the “direct” from the “mixing-induced” CP -
violating contributions, which are described by
AdirCP(Bq → f) ≡
1− |ξ(q)f |2
1 + |ξ(q)f |2
and AmixCP (Bq → f) ≡
2 Im ξ
(q)
f
1 + |ξ(q)f |2
, (69)
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respectively. The terminology “direct CP violation” refers to CP -violating
effects, which arise directly in the corresponding decay amplitudes and are
due to interference between different CKM amplitudes. On the other hand,
“mixing-induced CP violation” originates from interference effects between
B0q–B
0
q mixing and decay processes. The width difference ∆Γq, which may
be sizeable in the Bs system, provides another observable
A∆Γ(Bq → f) ≡
2Re ξ
(q)
f
1 + |ξ(q)f |2
, (70)
which is, however, not independent from AdirCP(Bq → f) and AmixCP (Bq → f):[
AdirCP(Bq → f)
]2
+
[
AmixCP (Bq → f)
]2
+
[
A∆Γ(Bq → f)
]2
= 1. (71)
In order to calculate the observable ξ
(q)
f , containing essentially all the
information needed to evaluate the CP asymmetry (68), we employ the
low-energy effective Hamiltonian (31):
A
(
B0q → f
)
=
〈
f
∣∣∣Heff(∆B = −1)∣∣∣B0q〉 = (72)〈
f
∣∣∣∣∣∣
GF√
2

 ∑
j=u,c
V ∗jrVjb
{
2∑
k=1
Ck(µ)Q
jr
k (µ) +
10∑
k=3
Ck(µ)Q
r
k(µ)
}

∣∣∣∣∣∣B0q
〉
,
where r ∈ {d, s} distinguishes between b → d and b → s transitions. On
the other hand, we also have
A
(
B0q → f
)
=
〈
f
∣∣∣Heff(∆B = −1)†∣∣∣B0q〉 = (73)〈
f
∣∣∣∣∣∣
GF√
2

 ∑
j=u,c
VjrV
∗
jb
{
2∑
k=1
Ck(µ)Q
jr†
k (µ) +
10∑
k=3
Ck(µ)Q
r†
k (µ)
}
∣∣∣∣∣∣B0q
〉
.
Performing appropriate CP transformations in this expression, i.e. inserting
the operator (CP)†(CP) = 1ˆ both after 〈f | and in front of |B0q 〉, yields
A
(
B0q → f
)
= ±eiφCP(Bq)× (74)〈
f
∣∣∣∣∣∣
GF√
2

 ∑
j=u,c
VjrV
∗
jb
{
2∑
k=1
Ck(µ)Q
jr
k (µ) +
10∑
k=3
Ck(µ)Q
r
k(µ)
}
∣∣∣∣∣∣B0q
〉
,
where we have applied the relation (CP)Qjr†k (CP)† = Qjrk , and have fur-
thermore taken into account (48). Using now (58) and (59), we finally arrive
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at
ξ
(q)
f = ∓ e−iφq


∑
j=u,c
V ∗jrVjb〈f |Qjr|B0q 〉∑
j=u,c
VjrV ∗jb〈f |Qjr|B0q 〉

 , (75)
where
Qjr ≡
2∑
k=1
Ck(µ)Q
jr
k +
10∑
k=3
Ck(µ)Q
r
k, (76)
and where
φq ≡ 2 arg(V ∗tqVtb) =
{
+2β (q = d)
−2δγ (q = s) (77)
is related to the weak B0q–B
0
q mixing phase. Note that the phase-convention-
dependent quantity φCP(Bq) cancels in this expression.
In general, the observable ξ
(q)
f suffers from large hadronic uncertainties,
which are introduced by the hadronic matrix elements in Eq. (75). However,
if the decay Bq → f is dominated by a single CKM amplitude, i.e.
A(B0q → f) = e−iφf/2
[
eiδf |Mf |
]
, (78)
the strong matrix element eiδf |Mf | cancels, and ξ(q)f takes the simple form
ξ
(q)
f = ∓ exp [−i (φq − φf )] . (79)
If the V ∗jrVjb amplitude plays the dominant role in B
0
q → f , we have
φf = 2arg(V
∗
jrVjb) =
{ −2γ (j = u)
0 (j = c).
(80)
6. Important B-Factory Benchmark Modes
The formalism discussed in Subsection 5.3 has several interesting applica-
tions. The most important one is the extraction of the CKM angle β from
CP -violating effects in the “gold-plated” mode Bd → J/ψKS [35].
6.1. EXTRACTING β FROM B0 → J/ψKS
The decay B0d → J/ψKS is a transition into a CP eigenstate with eigen-
value −1, and originates from b→ c c s quark-level decays. As can be seen
in Fig. 10, we have to deal both with tree-diagram-like and with penguin
topologies. The corresponding amplitude can be written as [36]
A(B0d → J/ψKS) = λ(s)c
(
Ac
′
cc +A
c′
pen
)
+ λ(s)u A
u′
pen + λ
(s)
t A
t′
pen , (81)
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Figure 10. Feynman diagrams contributing to B0d → J/ψKS. The dashed lines in the
penguin topology represent a colour-singlet exchange.
where Ac
′
cc denotes the current–current contributions, i.e. the “tree” pro-
cesses in Fig. 10, and the strong amplitudes Aq
′
pen describe the contribu-
tions from penguin topologies with internal q quarks (q ∈ {u, c, t}). These
penguin amplitudes take into account both QCD and electroweak penguin
contributions. The primes in (81) remind us that we are dealing with a
b→ s transition, and the
λ(s)q ≡ VqsV ∗qb (82)
are CKM factors. If we make use both of the unitarity of the CKM matrix,
implying λ
(s)
u +λ
(s)
c +λ
(s)
t = 0, and of the Wolfenstein parametrization [16],
generalized to include non-leading terms in λ [17], we obtain
A(B0d → J/ψ KS) =
(
1− λ
2
2
)
A′
[
1 +
(
λ2
1− λ2
)
a′eiθ
′
eiγ
]
, (83)
where
A′ ≡ λ2A
(
Ac
′
cc +A
ct′
pen
)
, (84)
with Act
′
pen ≡ Ac
′
pen −At
′
pen, and
a′eiθ
′ ≡ Rb
(
Aut
′
pen
Ac′cc +A
ct′
pen
)
. (85)
The quantity Aut
′
pen is defined in analogy to A
ct′
pen, A is given by (see (9))
A = |Vcb| /λ2 = 0.81 ± 0.06 , (86)
and the definition of Rb = 0.41 ± 0.07 can be found in (19).
It is very difficult to calculate the “penguin” parameter a′eiθ
′
, which
introduces the CP -violating phase factor eiγ into the B0d → J/ψKS decay
21
amplitude and represents – sloppily speaking – the ratio of the penguin to
tree contributions. However, this parameter – and therefore also eiγ – enters
(83) in a doubly Cabibbo-suppressed way. Consequently, we have to a very
good approximation φψKS = 0, and obtain with the help of (69) and (79):
AmixCP (Bd → J/ψ KS) = + sin[−(φd − 0)] = − sin(2β) . (87)
Since (79) applies with excellent accuracy to Bd → J/ψKS, it is referred to
as the “gold-plated” mode to determine β [35]. In addition to (87), another
important implication of the Standard Model is the following relation:
AdirCP(Bd → J/ψKS) ≈ 0 ≈ ACP(B+ → J/ψK+). (88)
An observation of these CP asymmetries at the level of 10% would be a
strong indication for new physics. There is already an interesting constraint
from CLEO [37], ACP(B+ → J/ψ K+) = (−1.8 ± 4.3 ± 0.4)%, and BaBar
reported AdirCP(Bd → J/ψKS) = (26± 19)% [38].
Concerning the measurement of sin(2β) through (87), there were already
important first steps by the OPAL, CDF and ALEPH collaborations:
sin(2β) =


3.2+1.8−2.0 ± 0.5 (OPAL [39])
0.79+0.41−0.44 (CDF [40])
0.84+0.82−1.04 ± 0.16 (ALEPH [41]).
(89)
In the summer of 2000, also the first results from the asymmetric e+–e−
B-factories were reported:
sin(2β) =
{
0.12 ± 0.37± 0.09 (BaBar [38])
0.45+0.43+0.07−0.44−0.09 (Belle [42]).
(90)
On the other hand, the CKM fits discussed in Subsection 2.4 yield the
following range for the Standard-Model expectation [21]:
0.53 ≤ sin(2β) ≤ 0.93. (91)
Although the experimental uncertainties are still very large, the small cen-
tral value reported by the BaBar collaboration [38] led already to some
excitement in the B-physics community [43], as it would be in conflict with
the Standard-Model range (91). This possible discrepancy might indicate
new-physics contributions to B0d–B
0
d and/or K
0–K0 mixing.
After a couple of years collecting data at the B-factories, an experimen-
tal uncertainty of ∆ sin(2β)|exp = 0.05 seems to be achievable, whereas the
experimental uncertainty in the LHC era is expected to be one order of
magnitude higher [44]. In view of this tremendous experimental accuracy,
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Figure 11. Feynman diagrams contributing to B0d → π
+π−.
it is an important issue to investigate the theoretical accuracy of (87) and
(88), which is a very challenging theoretical task. An interesting channel
in this respect is Bs → J/ψKS [36], allowing us to control the – presum-
ably very small – penguin uncertainties in the determination of β from the
CP -violating effects in Bd → J/ψKS, and to extract the CKM angle γ.
6.2. PROBING α THROUGH B0 → π+π−
Another benchmark mode for the B-factories is B0d → π+π−. It is a decay
into a CP eigenstate with eigenvalue +1, and originates from b → uu d
quark-level transitions (see Fig. 11). In analogy to (81), the corresponding
decay amplitude can be expressed in the following way [45]:
A(B0d → π+π−) = λ(d)u
(
Aucc +A
u
pen
)
+ λ(d)c A
c
pen + λ
(d)
t A
t
pen
=
(
1− λ
2
2
)
C
[
eiγ − d eiθ
]
, (92)
where
C ≡ λ3ARb
(
Aucc +A
ut
pen
)
with Autpen ≡ Aupen −Atpen, (93)
and
d eiθ ≡ 1
(1− λ2/2)Rb
(
Actpen
Aucc +A
ut
pen
)
. (94)
In contrast to the B0d → J/ψKS amplitude (83), the “penguin” parameter
d eiθ does not enter (92) in a doubly Cabibbo-suppressed way. If we assume,
for a moment, that d = 0, the formalism discussed in Subsection 5.3 yields
AmixCP (Bd → π+π−) = − sin[−(2β + 2γ)] = − sin(2α), (95)
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Figure 12. The B → ππ isospin triangles in the complex plane. Here the amplitudes A
correspond to (98); the amplitudes B correspond to the ones in (99), rotated by e−2iβ .
which would allow a determination of α. However, theoretical estimates typ-
ically give d = O(0.2), and also the present CLEO data on B → πK modes
indicate that penguins play in fact an important role [46]. Consequently,
the approximation d = 0, i.e. the neglect of penguins in Bd → π+π−, is not
justified. The penguin uncertainties affecting (95) were analysed by many
authors during the last couple of years [34, 47].
There are strategies to control the penguin uncertainties with the help
of additional experimental data. The best known approach was proposed
by Gronau and London [48], and makes use of isospin relations between the
B → ππ decay amplitudes. Since B± → π±π0 is a ∆I = 3/2 transition,
the QCD penguin operators (33), which mediate ∆I = 1/2 transitions, do
not contribute. Consequently, if we neglect EW penguins for a moment, we
obtain
A(B± → π±π0) = e±iγeiδT+C |T + C|, (96)
which yields
A(B+ → π+π0)
A(B− → π−π0) = e
2iγ . (97)
Moreover, the isospin symmetry implies the following amplitude relations:
√
2A(B+ → π+π0) = A(B0d → π+π−) +
√
2A(B0d → π0π0) (98)√
2A(B− → π−π0) = A(B0d → π+π−) +
√
2A(B0d → π0π0), (99)
which can be represented as two triangles in the complex plane. These
triangles can be fixed through the measured six B → ππ branching ratios.
In order to determine their relative orientation, we rotate the CP -conjugate
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triangle by e−2iβ. The corresponding situation is illustrated in Fig. 12,
where the angle Φ can be fixed through mixing-induced CP violation [49]:
AmixCP (Bd → π+π−) = −
2|A+−||B+−|
|A+−|2 + |B+−|2 sinΦ . (100)
Using (97), and taking into account that the CP -conjugate triangle was
rotated by e−2iβ, we conclude that the angle between the B+ → π+π0 and
B− → π−π0 amplitudes is given by 2α. The EW penguin amplitude Pew,
which was neglected so far, affects this determination of α, as can be seen in
Fig. 12. Although EW penguins play a minor role in this construction, they
can be taken into account with the help of the SU(2) isospin symmetry,
which implies [50, 51]
[
Pew
T + C
]
= − 1.3× 10−2 × |Vtd||Vub|
eiα. (101)
Unfortunately, the B → ππ triangle approach is very challenging from
an experimental point of view because of BR(Bd → π0π0)
∣∣
TH ∼< O(10−6).
Therefore, alternative strategies are needed. An important one is provided
by B → ρπ modes [52]. Here the final states consist of I = 0, 1, 2 configu-
rations, and the isospin symmetry implies two pentagonal relations, which
correspond to (98) and (99), and also allow a determination of α. This
approach is quite complicated. However, it can be simplified by consid-
ering a maximum-likelihood fit to the parameters of the full Dalitz plot
distribution, where it is assumed that the B → 3π events are fully domi-
nated by B → ρπ [53]. Further simplifications were proposed in Ref. [54].
An issue raised recently in this context is the impact of “polar diagrams”,
yielding B → {π(B∗, ρ)} → πππ transitions. These processes may affect
B∓ → π∓π∓π± and Bd → ρ0π0, and represent an irreducible background
in the Dalitz plot [55].
Another possibility to eliminate the penguin uncertainties in the extrac-
tion of α from Bd → π+π− is to combine this channel with Bd → K0K0
through the SU(3) flavour symmetry [56]. A simple strategy to extract α,
making also use of SU(3), was proposed in [57]; refinements of this approach
and further interesting methods were suggested in [58].
Let us finally note that a particularly interesting strategy is provided by
the decay Bs → K+K−, which is related to Bd → π+π− by interchanging
all down and strange quarks, i.e. through the U -spin flavour symmetry of
strong interactions. A combined analysis of these two channels allows a
simultaneous determination of β and γ [45], which has certain theoretical
advantages, appears to be promising for CDF-II [59], and is ideally suited
for LHCb [44]. This approach is discussed in detail in Section 10.
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Figure 13. Feynman diagrams contributing to B0d, B
0
d → D
(∗)+π−.
6.3. EXTRACTING 2β + γ FROM B0 → D(∗)±π∓ DECAYS
So far, we have put a strong emphasis on neutral B decays into final CP
eigenstates. However, in order to extract CKM phases, there are also in-
teresting decays of Bd,s mesons into final states that are not eigenstates of
the CP operator. An important example is given by Bd → D(∗)±π∓ de-
cays, which receive only contributions from tree-diagram-like topologies. As
can be seen in Fig. 13, B0d- and B
0
d-mesons may both decay into D
(∗)+π−,
thereby leading to interference effects between B0d–B
0
d mixing and decay
processes. Consequently, the time-dependent rates for decays of initially, i.e.
at time t = 0, present B0d- or B
0
d-mesons into the final state f ≡ D(∗)+π−
(see (65)) allow us to determine the observable [30]
ξ
(d)
f = e
−iΘ
(d)
M12
A(B0d → f)
A(B0d → f)
= − e−i(φd+γ)
(
1− λ2
λ2Rb
)
Mf
Mf
, (102)
whereas those corresponding to f ≡ D(∗)−π+ provide
ξ
(d)
f
= e
−iΘ
(d)
M12
A(B0d → f)
A(B0d → f)
= − e−i(φd+γ)
(
λ2Rb
1− λ2
)
Mf
Mf
. (103)
Here, Rb is the usual CKM factor (see (19)), and
Mf ≡
〈
f
∣∣∣O1(µ)C1(µ) +O2(µ)C2(µ)∣∣∣B0d〉 (104)
Mf ≡
〈
f
∣∣∣O1(µ)C1(µ) +O2(µ)C2(µ)∣∣∣B0d〉 (105)
are hadronic matrix elements of the following current–current operators:
O1 = (dαuβ)V–A (cβbα)V–A , O2 = (dαuα)V–A (cβbβ)V–A ,
O1 = (dαcβ)V–A (uβbα)V–A , O2 = (dαcα)V–A (uβbβ)V–A ,
(106)
26
which are completely analogous to the ones we encountered in the discussion
of B0d → D+K− in Subsection 4.2. The observables ξ(d)f and ξ(d)f allow a
theoretically clean extraction of the weak phase φd+γ [60], as the hadronic
matrix elements M f and Mf cancel in the following combination:
ξ
(d)
f × ξ(d)f = e
−2i(φd+γ). (107)
Since φd, i.e. 2β, can be determined straightforwardly with the help of the
“gold-plated” mode Bd → J/ψKS (see Subsection 6.1), we may extract the
CKM angle γ from (107). As the b→ u quark-level transition in Fig. 13 is
doubly Cabibbo-suppressed by λ2Rb ≈ 0.02 with respect to the b→ c tran-
sition, the interference effects are tiny. However, the branching ratios are
large, i.e. of order 10−3, and the D(∗)±π∓ states can be reconstructed with
a good efficiency and modest backgrounds. Consequently, Bd → D(∗)±π∓
decays offer an interesting strategy to determine γ. Experimental feasibility
studies can be found in Refs. [44, 61].
7. CP Violation in Charged B Decays
Since there are no mixing effects present in the charged B-meson system,
non-vanishing CP asymmetries of the kind
ACP ≡ Γ(B
+ → f)− Γ(B− → f)
Γ(B+ → f) + Γ(B− → f) (108)
would give us unambiguous evidence for “direct” CP violation in the B
system, similarly as Re(ε′/ε) 6= 0 does in the neutral kaon system. The
CP asymmetries (108), which correspond to AdirCP(Bq → f) in (68), arise
from interference between decay amplitudes with different CP -violating
weak and CP -conserving strong phases. Because of the unitarity of the
CKMmatrix, any B-decay amplitude can be expressed within the Standard
Model in the following way:
A(B± → f) = |A1|eiδ1e±iϕ1 + |A2|eiδ2e±iϕ2 . (109)
Here the δ1,2 are CP -conserving strong phases, which are induced by final-
state-interaction (FSI) processes, whereas the ϕ1,2 are CP -violating weak
phases, which originate from the CKM matrix. Using (109), we obtain
ACP = −2|A1||A2| sin(ϕ1 − ϕ2) sin(δ1 − δ2)|A1|2 + 2|A1||A2| cos(ϕ1 − ϕ2) cos(δ1 − δ2) + |A2|2 . (110)
Consequently, a non-vanishing direct CP asymmetry ACP requires both a
non-trivial strong and a non-trivial weak phase difference. In addition to
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Figure 14. Feynman diagrams contributing to B+ → D0K+ and B+ → D0K+.
the hadronic amplitudes |A1,2|, the strong phases δ1,2 lead to particularly
large hadronic uncertainties in (110), thereby destroying the clean relation
to the CP -violating weak phase ϕ1 − ϕ2.
7.1. EXTRACTING γ FROM B± → K±D DECAYS
An important tool to eliminate the hadronic uncertainties in charged B
decays is given by amplitude relations. The prototype of this approach,
which was proposed by Gronau and Wyler [62], uses B± → K±D decays
and allows a theoretically clean extraction of γ. The decays B+ → D0K+
and B+ → D0K+ are pure “tree” decays, as can be seen in Fig. 14. If we
make, in addition, use of the transition B+ → D0+K+, where D0+ denotes
the CP eigenstate of the neutral D-meson system with CP eigenvalue +1,
|D0+〉 =
1√
2
(
|D0〉+ |D0〉
)
, (111)
we obtain
√
2A(B+ → K+D0+) = A(B+ → K+D0) +A(B+ → K+D0) (112)
√
2A(B− → K−D0+) = A(B− → K−D0) +A(B− → K−D0). (113)
These relations can be represented as two triangles in the complex plane. As
we have only to deal with tree-diagram-like topologies, we have moreover
A ≡ A(B+ → K+D0) = A(B− → K−D0) (114)
a ≡ A(B+ → K+D0) = A(B− → K−D0)× e2iγ , (115)
allowing a theoretically clean extraction of γ (see Fig. 15) [62]. Unfortu-
nately, the triangles are very squashed ones, since a ≡ A(B+ → K+D0) is
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Figure 15. Triangle relations between charged B± → K±D decay amplitudes.
colour-suppressed with respect to A ≡ A(B+ → K+D0):
|a|
|A| =
|a|
|A| ≈
1
λ
|Vub|
|Vcb| ×
a2
a1
≈ 0.41 × a2
a1
≈ 0.1. (116)
Consequently, the B± → K±D approach is very difficult from an ex-
perimental point of view (see also [63]). As an alternative, the decays
Bd → K∗0D were proposed, where the triangles are more equilateral [64].
But all sides are small (colour-suppressed) so that these decays are also not
perfectly suited for the “triangle” approach.
7.2. EXTRACTING γ FROM B±
C
→ D±
S
D DECAYS
The decays B±c → D±s D are the Bc-meson counterparts of B±u → K±D and
also allow an extraction of γ [65], which relies on the amplitude relations
√
2A(B+c → D+s D0+) = A(B+c → D+s D0) +A(B+c → D+s D0) (117)
√
2A(B−c → D−s D0+) = A(B−c → D−s D0) +A(B−c → D−s D0), (118)
with
A(B+c → D+s D0) = A(B−c → D−s D0) (119)
A(B+c → D+s D0) = A(B−c → D−s D0)× e2iγ . (120)
At first sight, everything is completely analogous to B± → K±D. How-
ever, there is an important difference [66]: in the B±c → D±s D system, the
amplitude with the rather small CKM matrix element Vub is not colour
suppressed, while the larger element Vcb comes with a colour-suppression
factor. Therefore, we obtain∣∣∣∣∣A(B
+
c → D+s D0)
A(B+c → D+s D0)
∣∣∣∣∣ ≈ 1λ |Vub||Vcb| ×
a1
a2
≈ 0.41 × a1
a2
= O(1), (121)
and conclude that the two amplitudes are similar in size. Decays of the
type B±c → D±D – the U -spin counterparts of B±c → D±s D – can be
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added to the analysis, as well as channels, where the D±s - and D
±-mesons
are replaced by higher resonances. At the LHC, one expects about 1010
untriggered Bc-mesons per year of running. Provided there are no serious
experimental problems, the B±c → D±(s)D approach should be interesting for
the B-physics programme of the LHC. From a theoretical point of view, it is
the ideal realization of the “triangle” approach to extract γ. In Section 9, we
will discuss other strategies to extract γ, making use of amplitude relations
between B → πK decays.
8. The “El Dorado” for Hadron Machines: the Bs System
Unfortunately, at the e+– e− B-factories operating at the Υ(4S) resonance,
no Bs-mesons are accessible. On the other hand, Bs decays are very promis-
ing for hadron machines, where plenty of Bs-mesons can be produced. There
are important differences between the Bd and Bs systems:
− Within the Standard Model, the B0s–B0s mixing phase is negligibly
small, φs = −2λ2η = O(0.03), whereas φd = 2β = O(50◦).
− A large mixing parameter xs = O(20) is expected in the Standard
Model (see (64)), whereas xd = 0.723±0.032. The present experimental
lower bound is ∆Ms > 15.0 ps
−1, xs > 21.3 (95% C.L.) [67].
− There may be a sizeable width difference ∆Γs/Γs = O(10%), whereas
∆Γd is negligibly small. The present CDF and LEP average is given
by ∆Γs/Γs = 0.16
+0.16
−0.13, ∆Γs/Γs < 0.31 (95% C.L.) [68].
8.1. ∆MS AND CONSTRAINTS IN THE ρ–η PLANE
As we have noted in Subsection 2.4, the mass difference ∆Md plays an
important role to constrain the apex of the unitarity triangle shown in
Fig. 2 (a). In particular, it allows us to fix a circle in the ρ–η plane around
(1, 0) with radiusRt. Concerning the theoretical uncertainties, it is – instead
of using ∆Md separately – more advantageous to use the ratio
|Vtd|
|Vts| = ξ
√
mBs
mBd
√
∆Md
∆Ms
, (122)
where the SU(3)-breaking parameter
ξ ≡ FBs
√
BBs
FBd
√
BBd
= 1.16 ± 0.07 (123)
can be determined with the help of lattice or QCD sum rule calculations.
Interestingly, the presently available experimental lower bound on ∆Ms can
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Figure 16. The impact of the upper limit (Rt)max on the allowed range in the ρ–η plane.
be transformed into an upper bound on Rt [69]:
(Rt)max = 1.0× ξ ×
√
10.2/ps
(∆Ms)min
. (124)
In Fig. 16, we show the impact of this relation on the allowed range in the
ρ–η plane [4]. The strong present lower bound on ∆Ms excludes already a
large part in the ρ–η plane, implying in particular γ < 90◦.
8.2. ∆ΓS AND UNTAGGED DECAY RATES
A non-vanishing width difference ∆Γs may allow the extraction of CP -
violating weak phases from the following “untagged” Bs rates [70]–[74]:
Γ[f(t)] ≡ Γ(B0s (t)→ f) + Γ(B0s (t)→ f). (125)
Using (65), we obtain
Γ[f(t)] ∝
[(
1 +
∣∣∣ξ(s)f
∣∣∣2)(e−Γ(s)L t + e−Γ(s)H t)
−2Re ξ(s)f
(
e−Γ
(s)
L
t − e−Γ(s)H t
)]
, (126)
where the ∆Mst terms cancel. Because of the large mixing parameter xs,
the ∆Mst terms arising in “tagged” rates oscillate very rapidly and are
hard to resolve. Although it should be not problem to accomplish this task
at the LHC, studies of untagged rates are interesting in terms of efficiency,
acceptance and purity. Moreover, if ∆Γs is sizeable, we may extract the
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observable A∆Γ(Bs → f) (see (70)) from (126). Still it is not clear whether
∆Γs is large enough to make this possible. Concerning the theoretical status
of ∆Γs, next-to-leading order QCD corrections were calculated using the
heavy-quark expansion [75]; the results for ∆Γs depend crucially on the
size of the relevant hadronic matrix elements. The authors of Ref. [76] find
∆Γs/Γs = (10.7 ± 2.6 ± 1.4 ± 1.7)%, whereas another group [77] gives the
smaller value (4.7 ± 1.5 ± 1.6)%. The difference between these results is
mainly related to the Bs decay constant FBs . Besides “unquenching”, a
better determination of 1/mb corrections is very important to reduce the
uncertainties of these lattice calculations.
8.3. PURE TREE DECAYS
An interesting class of Bs decays is due to b→ c u s quark-level transitions,
providing the Bs variant of the Bd → D(∗)±π∓ approach to extract γ + 2β
discussed in Subsection 6.3. Here we have also to deal with pure “tree”
decays, where both B0s - and B
0
s -mesons may decay into the same final state
f . The resulting interference effects between decay and mixing processes
allow a theoretically clean extraction of γ − 2δγ from
ξ
(s)
f × ξ(s)f = e
−2i(γ−2δγ), (127)
where the B0s–B
0
s mixing phase −2δγ is negligibly small in the Standard
Model. It can be probed through CP -violating effects in Bs → J/ψ φ, as
we will see below. An interesting difference to the Bd → D(∗)±π∓ strategy
is that both decay paths of B0s , B
0
s → f are of the same order of λ, thereby
leading to larger interference effects.
There are several well-known strategies making use of these features: we
may consider the colour-allowed decays Bs → D±s K∓ [78], or the colour-
suppressed modes Bs → D0φ [79]. Strategies employing “untagged” Bs
decays were also proposed, where the width difference ∆Γs and the angular
distributions of Bs → D∗±s K∗∓ or Bs → D∗0φ channels play a key role
[72] (see also [80]). Recently, strategies using “CP-tagged” Bs decays were
proposed [81], which require a symmetric e+–e− collider operated at the
Υ(5S) resonance. In this approach, initially present CP eigenstates BCPs
are employed, which can be tagged by making use of the fact that the
B0s/B
0
s mixtures have anti-correlated CP eigenvalues at Υ(5S).
8.4. A CLOSER LOOK AT BS → J/ψ φ
This decay is the Bs counterpart to Bd → J/ψ KS and offers interesting
strategies to extract ∆Ms and ∆Γs, and to probe φs = −2δγ [82]. The cor-
responding Feynman diagrams are completely analogous to those shown in
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Figure 17. The allowed region for AmixCP (Bd → J/ψKS) and sinφs in the SB–LR model.
Fig. 10. Since the final state of Bs → J/ψ φ is an admixture of different CP
eigenstates, we have to use the angular distribution of the J/ψ → l+l− and
φ → K+K− decay products to disentangle them [83]. The corresponding
observables are governed by
ξ
(s)
ψφ ∝ e−iφs
[
1− 2 i sin γ ×O(10−3)
]
, (128)
where the O(10−3) factor is an abbreviation for |λ(s)u A˜ut′pen|/|λ(s)c (A˜c
′
cc+A˜
ct′
pen)|
[44]. Since φs = −2λ2η = O(0.03) in the Standard Model, there may well
be hadronic uncertainties as large as O(10%) in the extraction of φs form
the Bs → J/ψ[→ l+l−]φ[→ K+K−] angular distribution, which may be
an important issue in the LHC era. These hadronic uncertainties can be
controlled with the help of the decay Bd → J/ψ ρ0, which has also some
other interesting features [84].
It is an important implication of (128) that the CP -violating effects
exhibited by Bs → J/ψ φ are very small in the Standard Model, thereby
making this channel an interesting probe to search for new physics [85]. A
particular scenario for physics beyond the Standard Model, the symmetrical
SUL(2) × SUR(2) × U(1) model with spontaneous CP violation (SB–LR)
[86, 87], was considered in Ref. [88] to illustrate this feature. Needless to
note, there are also other scenarios for new physics which are interesting in
this respect, for example models allowing mixing to a new isosinglet down
quark, as in E6 [89]. In the SB–LR model, we obtain the allowed region for
the mixing-induced CP asymmetry in Bd → J/ψKS and for sinφs shown
in Fig. 17 [88]. Here φs = φ
SM
s +φ
NP
s = −2λ2η+φNPs , where φNPs originates
from new physics. The quantity sinφs governs CP violation in Bs → J/ψ φ:
Γ(t)− Γ(t)
Γ(t) + Γ(t)
=
[
1−D
F+(t) +DF−(t)
]
sin(∆Mst) sinφs , (129)
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+l−] φ [→ K+K−].
where Γ(t) and Γ(t) denote the time-dependent rates for decays of initially,
i.e. at t = 0, present B0s - andB
0
s -mesons into J/ψ φ final states, respectively,
D ≡ |A⊥(0)|
2
|A0(0)|2 + |A‖(0)|2
= 0.1 . . . 0.5, (130)
is a hadronic factor involving linear polarization amplitudes,3 and
F±(t) ≡ 1
2
[
(1± cosφs) e+∆Γst/2 + (1∓ cosφs) e−∆Γst/2
]
. (131)
The range given in (130) corresponds to “factorization” [82], and is in agree-
ment with a recent analysis of the Bs → J/ψ φ polarization amplitudes
A0(0), A‖(0), A⊥(0) performed by the CDF collaboration [90].
If we look at Fig. 17, we observe that | sinφs| may be as large as 0.4 in
the SB–LR model, in contrast to its vanishingly small value in the Standard
Model. Another interesting feature of this figure is the preferred small value
for −AmixCP (Bd → J/ψKS) = sinφd. As we have noted in Subsection 6.1,
the first result for this observable reported by the BaBar collaboration (see
(90)) may point towards such a situation. Consequently, it would be very
exciting to measure also (129), and to explore whether the pattern of small
CP violation in Bd → J/ψKS and large CP violation in Bs → J/ψ φ is
actually realized in nature [88].
The CP asymmetry (129) may provide a “smoking-gun” signal for new
physics, although it does not allow a clean determination of sinφs because
of the hadronic parameter D. In order to solve this problem, an angular
analysis of the Bs → J/ψ [→ l+l−] φ [→ K+K−] decay products has to
3A⊥ and A0, A‖ correspond to CP -odd and CP -even configurations, respectively.
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TABLE 1. 〈BR〉s in 10−6 units; the CP asymmetries ACP are from CLEO.
Decay CLEO BaBar Belle ACP/10
−2
Bd → π
∓K± 17.2+2.5−2.4 ± 1.2 12.5
+3.0+1.3
−2.6−1.7 17.4
+5.1
−4.6 ± 3.4 0.04 ± 0.16
B± → π0K± 11.6+3.0+1.4−2.7−1.3 18.8
+5.5
−4.9 ± 2.3 0.29 ± 0.23
B± → π±K 18.2+4.6−4.0 ± 1.6 −0.18 ± 0.24
Bd → π
0K 14.6+5.9+2.4−5.1−3.3 21
+9.3+2.5
−7.8−2.3
be performed. As the full three-angle distribution is quite complicated [82],
let us consider here the one-angle distribution:
dΓ(t)
d cosΘ
∝
(
|A0(t)|2 + |A‖(t)|2
) 3
8
(1 + cos2Θ) + |A⊥(t)|2 3
4
sin2Θ, (132)
where the kinematics is shown in Fig. 18, corresponding to the J/ψ rest
frame. The one-angle distribution (132) allows us to extract the observables
P+(t) ≡ |A0(t)|2 + |A‖(t)|2, P−(t) ≡ |A⊥(t)|2, (133)
as well as their CP conjugates, thereby providing the CP asymmetries
P±(t)− P±(t)
P±(t) + P±(t)
= ± 1
F±(t)
sin(∆Mst) sinφs. (134)
On the other hand, untagged data samples are sufficient to determine
P±(t) + P±(t) ∝
[
(1± cosφs)e−Γ
(s)
L t + (1∓ cosφs)e−Γ
(s)
H t
]
. (135)
New-physics effects would be indicated by the following features:
− Sizeable values of the CP -violating asymmetries (134).
− The untagged observables (135) depend on two exponentials.
In contrast to (129), these observables do not involve the hadronic parame-
ter D and allow a clean determination of φs. A detailed discussion of other
strategies to search for new physics with Bs decays is given in Ref. [74].
9. The Phenomenology of B → piK Decays
In order to probe γ, B → πK decays are very promising. There are already
data on these modes available, which triggered a lot of theoretical work.
From 1997 until 2000, CLEO reported results on CP -averaged branching
ratios 〈BR〉; in 1999, also studies of CP asymmetries were reported [91].
In the summer of 2000, BaBar and Belle announced their first B → πK
branching ratios [92, 93]. These results are collected in Table 1.
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Figure 19. Feynman diagrams contributing to B0d → π
−K+.
9.1. GENERAL REMARKS
To get more familiar with B → πK modes, let us consider B0d → π−K+.
This channel receives contributions from penguin and colour-allowed tree-
diagram-like topologies, as can be seen in Fig. 19. Because of the small
ratio |VusV ∗ub/(VtsV ∗tb)| ≈ 0.02, the QCD penguin topologies dominate this
decay, despite their loop suppression. This interesting feature applies to all
B → πK modes. Because of the large top-quark mass, we have also to
care about EW penguins. However, in the case of B0d → π−K+ and B+ →
π+K0, these topologies contribute only in colour-suppressed form and are
hence expected to play a minor role. On the other hand, EW penguins
contribute also in colour-allowed form to B+ → π0K+ and B0d → π0K0,
and may here even compete with tree-diagram-like topologies. Because of
the penguin dominance, B → πK modes represent sensitive probes for
new-physics effects [94, 95].
In the Standard Model, the SU(2) isospin symmetry implies
√
2A(B+ → π0K+) +A(B+ → π+K0)
=
√
2A(B0d → π0K0) +A(B0d → π−K+)
= −
[
(T + C) + (Pew + P
C
ew)
]
∝
[
eiγ + qew
]
, (136)
where the (T +C) and (Pew+P
C
ew) amplitudes are due to (colour-allowed +
colour-suppressed) tree-diagram-like and EW penguin topologies, respec-
tively. A relation with an analogous phase structure holds also for the
“mixed” B+ → π+K0, B0d → π−K+ system. So far, strategies to probe γ
have focused on the following systems: Bd → π∓K±, B± → π±K (“mixed”)
[96]–[98], and B± → π0K±, B± → π±K (“charged”) [99]. Recently, it was
pointed out that also the neutral combination Bd → π∓K±, Bd → π0K is
very promising [50, 100].
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Interestingly, already CP -averaged B → πK branching ratios may lead
to non-trivial constraints on γ, which rely on flavour-symmetry arguments,
involving either SU(2) or SU(3) [101, 102], and dynamical assumptions,
concerning mainly the smallness of certain rescattering effects [103]. An
example is B+ → {π0K+, π0K∗+, . . .} → π+K0. There is still no theoretical
consensus on the importance of such final-state interaction (FSI) processes,
although, for instance, the “QCD factorization” approach [34] does not
suggest large effects. However, there are also experimental indicators for
large FSI effects, for example the decays B+ → K+K0 and Bd → K+K−,
and methods to include them in the strategies to probe γ [98, 104]. So far,
these decays have not been observed and the rather strong experimental
upper bounds on their CP -averaged branching ratios are not in favour of
dramatic FSI effects [100], as advocated in some of the papers given in
Ref. [103]. Let us therefore neglect these effects for a moment.
9.2. A SIMPLE EXAMPLE: THE “MIXED” B → πK SYSTEM
Let us illustrate the derivation of the constraints on γ by considering the
“mixed” B+ → π+K0, B0d → π−K+ system [97, 98]. If we neglect annihi-
lation topologies, penguins with internal up quarks and colour-suppressed
EW penguins, which are expected to play a very minor role (but may be
enhanced by large FSI effects; see Subsection 9.1), we may write
A(B+ → π+K0) = P˜ ≡ − |P˜ |eiδP˜ (137)
A(B0d → π−K+) = − [P + T ] ≡ −
[
−|P |eiδP + |T |eiδT eiγ
]
. (138)
Here P and T describe the penguin and tree-diagram-like topologies shown
in Fig. 19, and δP˜ and δP are CP -conserving strong phases. It is convenient
to re-write the B0d → π−K+ decay amplitude as
A(B0d → π−K+) = |P |eiδP
[
1− reiδeiγ
]
, (139)
where r ≡ |T |/|P | and δ ≡ δT − δP . Consequently, we obtain the following
expressions for the CP -averaged decay amplitudes:〈
|A(B± → π±K)|2
〉
= |P˜ |2 (140)〈
|A(Bd → π∓K±)|2
〉
= |P |2
[
1− 2r cos δ cos γ + r2
]
. (141)
Since the SU(2) isospin symmetry implies |P˜ | = |P |,4 we arrive at
R ≡ BR(Bd → π
∓K±)
BR(B± → π±K) = 1− 2r cos δ cos γ + r
2. (142)
4Moreover, A(B+ → π+K0) + A(B0d → π
−K+) = −T , which corresponds to (136).
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Keeping now the hadronic quantities δ and r as “free” parameters yields
R ≥ sin2 γ, (143)
which implies 0◦ ≤ γ ≤ γ0 ∨ 180◦ − γ0 ≤ γ ≤ 180◦ [97], with
γ0 = arccos(
√
1−R). (144)
This constraint on γ is only effective if R is found to be smaller than
one. In 1997, when CLEO reported the first result on the CP -averaged
B+ → π+K0, B0d → π−K+ branching ratios, the result was R = 0.65±0.40.
The central value R = 0.65 would imply γ0 = 54
◦, thereby excluding a
large range in the ρ–η plane. Using the present CLEO data [91], we obtain
R = 0.95 ± 0.28. Unfortunately, the present experimental uncertainties
are too large to draw any conclusions and to decide whether R < 1. If
the parameter r is fixed, for example through “factorization” [96], stronger
constraints on γ can be obtained, which are also effective for R > 1 [50, 51].
9.3. THE GENERAL B → πK CASE
In order to constrain γ, the key quantities are the following ratios:
R ≡ BR(Bd → π
∓K±)
BR(B± → π±K) = 0.95 ± 0.28 (145)
Rc ≡ 2BR(B
± → π0K±)
BR(B± → π±K) = 1.27 ± 0.47 (146)
Rn ≡ BR(Bd → π
∓K±)
2BR(Bd → π0K) = 0.59 ± 0.27, (147)
where we have also taken into account the CLEO results reported in [91]. If
we employ the SU(2) flavour symmetry and certain dynamical assumptions,
concerning mainly the smallness of FSI effects, we may derive a general
parametrization for (145)–(147) (for an explicit example, see (142)) [50],
R(c,n) = R(c,n)(γ, q(c,n), r(c,n), δ(c,n)), (148)
where q(c,n) denotes the ratio of EW penguins to “trees”, r(c,n) is the ratio
of “trees” to QCD penguins, and δ(c,n) is the CP -conserving strong phase
between “tree” and QCD penguin amplitudes.
The q(c,n) can be fixed through theoretical arguments: in the “mixed”
B → πK system, we have q ≈ 0, as EW penguins contribute only in colour-
suppressed form; in the charged [99] and neutral [50] B → πK systems, qc
and qn can be fixed through the SU(3) flavour symmetry. On the other
hand, the r(c,n) can be determined with the help of additional experimental
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information: in the “mixed” system, r can be fixed, for example, through
arguments based on “factorization” [96], whereas rc and rn can be deter-
mined from B+ → π+π0 by using again the SU(3) flavour symmetry [101].
At this point, a comment on the FSI effects discussed in Subsection 9.1
is in order. Whereas the determination of q and r as sketched above may be
affected by FSI effects, this is not the case for qc,n and rc,n, since here SU(3)
suffices. Nevertheless, we have to assume that B+ → π+K0 or B0d → π0K0
do not involve a CP -violating weak phase, i.e.
A(B+ → π+K0) = − |P˜ |eiδP˜ = A(B− → π−K0). (149)
This relation may be affected by rescattering processes as follows:
A(B+ → π+K0) = − |P˜ |eiδP˜
[
1 + ρc e
iθceiγ
]
, (150)
where ρc is doubly Cabibbo-suppressed and is naively expected to be negli-
gibly small. In the “QCD factorization” approach [34], there is no significant
enhancement of ρc through rescattering processes. However, as we have al-
ready noted, there is still no theoretical consensus on the importance of
FSI effects. In the charged B → πK strategy to probe γ, they can be taken
into account through SU(3) flavour-symmetry arguments and additional
data on B± → K±K decays. On the other hand, in the case of the neutral
strategy, FSI effects can be included in an exact manner with the help of
the mixing-induced CP asymmetry AmixCP (Bd → π0KS) [50].
In contrast to q(c,n) and r(c,n), the strong phase δ(c,n) suffers from large
hadronic uncertainties and is essentially unknown. However, we can get rid
of δ(c,n) by keeping it as a “free” variable, yielding minimal and maximal
values for R(c,n):
Rext(c,n)
∣∣∣
δ(c,n)
= function(γ, q(c,n), r(c,n)). (151)
Keeping in addition r(c,n) as a free variable, we obtain another – less re-
strictive – minimal value for R(c,n):
Rmin(c,n)
∣∣∣
r(c,n),δ(c,n)
= κ(γ, q(c,n)) sin
2 γ. (152)
In Fig. 20, we show the dependence of (151) and (152) on γ for the neutral
B → πK system.5 Here the crossed region below the Rmin curve, which is
described by (152), is excluded. On the other hand, the shaded region is the
allowed range (151) for Rn, arising in the case of rn = 0.17. Fig. 20 allows
5The charged B → πK curves look very similar.
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Figure 21. The constraints in the ̺–η plane for Rn = 0.6 and qn = 0.63× [0.41/Rb ].
us to read off immediately the allowed region for γ for a given value of Rn.
Using the central value of the present CLEO result (147), Rn = 0.6, the
Rmin curve implies 0
◦ ≤ γ ≤ 21◦ ∨ 100◦ ≤ γ ≤ 180◦. The corresponding
situation in the ̺–η plane is shown in Fig. 21, where the crossed region is
excluded and the circles correspond to Rb = 0.41± 0.07. As the theoretical
expression for qn is proportional to 1/Rb, the constraints in the ̺–η plane
are actually more appropriate than the constraints on γ.
If we use additional information on rn, we may put even stronger con-
straints on γ. For rn = 0.17, we obtain the allowed range 138
◦ ≤ γ ≤ 180◦.
It is interesting to note that the Rmin curve is only effective for Rn < 1,
which is favoured by the most recent CLEO data [91]. A similar pattern is
also exhibited by the first Belle results [93], yielding Rn = 0.4± 0.2.
For the central value Rc = 1.3, (152) is not effective and rc has to be
fixed to constrain γ. Using rc = 0.21, we obtain 87
◦ ≤ γ ≤ 180◦. Although
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it is too early to draw definite conclusions, it should be emphasized that
the present CLEO results on R(c,n) prefer the second quadrant for γ, i.e.
γ ≥ 90◦. Similar conclusions were also obtained using other B → πK, ππ
strategies [105]. Interestingly, such a situation would be in conflict with the
standard analysis of the unitarity triangle [21], yielding 38◦ ≤ γ ≤ 81◦.
The R(c,n) allow us to determine cos δ(c,n) as functions of γ, thereby
providing also constraints on the strong phases δ(c,n) [100]. Interestingly,
the present CLEO data are in favour of cos δn < 0, which would be in
conflict with “factorization”. Moreover, they point towards a positive value
of cos δc, which would be in conflict with the theoretical expectation of
equal signs for cos δc and cos δn.
If future data should confirm the “puzzling” situation for γ and cos δc,n,
which is favoured by the present B → πK CLEO data, it may be an
indication for new-physics contributions to the EW penguin sector, or a
manifestation of large flavour-symmetry-breaking effects. In order to dis-
tinguish between these possibilities, further studies are needed. As soon as
CP asymmetries in Bd → π∓K± or B± → π0K± are observed,
A
(c,n)
CP = A
(c,n)
CP
(
γ, q(c,n), r(c,n), δ(c,n)
)
, (153)
we may even determine γ and δ(c,n). Here we may also arrive at a situation,
where the B → πK observables do not provide any solution for these
quantities, which would be an immediate indication for new physics [95].
9.4. TOWARDS THE CALCULATION OF B → πK, ππ
Calculations of B → πK, ππ modes are usually based on a perturbative
picture, where strong phases are obtained from absorptive parts of loop di-
agrams. This approach is referred to as the “Bander–Silverman–Soni (BSS)
mechanism” [106]. Recently, a conceptual improvement of this formalism
was presented in Ref. [34] (see also [107]), where it is argued that there is
a heavy-quark expansion for non-leptonic B-decays into two light mesons,
yielding transition amplitudes of the structure given in (41). In this ap-
proach, soft non-factorizable contributions and FSI effects are suppressed
by ΛQCD/mb. However, the question arises whether the b-quark mass is
large enough to suppress these terms sufficiently. Moreover, there are prob-
lems due to “chirally enhanced” terms, which are formally suppressed by
1/mb, but are numerically of O(1). Another “perturbative” QCD approach
to deal with non-leptonic charmless B decays was developed in Ref. [108].
Many calculations of B → πK, ππ can be found in the literature (see,
for instance, [109]). The results for the CP -averaged branching ratios are
generally in rather good agreement with the CLEO data. However, there are
two exceptions: Bd → π+π− and Bd → π0K. Concerning the former decay,
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the calculations favour a value at the 7 × 10−6 level, whereas CLEO finds
BR(Bd → π+π−) = (4.3+1.6−1.4±0.5)×10−6 . Due to interference between tree-
diagram-like and penguin topologies, the theoretical predictions depend on
γ; the CLEO result would be in favour of γ > 90◦ [105]. On the other
hand, the first BaBar result is BR(Bd → π+π−) = (9.3+2.6+1.2−2.3−1.4) × 10−6.
Concerning Bd → π0K, the calculations favour a value at the 5 × 10−6
level, which is essentially independent of γ and smaller than the CLEO
result BR(Bd → π0K) = (14.6+5.9+2.4−5.1−3.3)× 10−6. Interestingly, the first Belle
result (21+9.3+2.5−7.8−2.3)×10−6 is also in favour of a large CP -averaged Bd → π0K
branching ratio. Because of the large experimental uncertainties, we can-
not yet draw any definite conclusions. However, the experimental situation
should improve significantly in the future.
10. The Bd → pi
+
pi
−, Bs → K
+
K
− System
As we have seen in Subsection 6.2, Bd → π+π− is usually considered as
a tool to determine α = 180◦ − β − γ. Unfortunately, the extraction of
α from AmixCP (Bd → π+π−) is affected by large penguin uncertainties, and
the strategies to control them through additional data are challenging. In
this section, we discuss a new approach to employ Bd → π+π−: combining
this mode with Bs → K+K− – its U -spin6 counterpart – a simultaneous
determination of φd = 2β and γ becomes possible [45]. In this method, no
model-dependent assumptions are required, and FSI effects, which led to
considerable attention in the B → πK strategies to probe γ, do not lead
to any problems. The theoretical accuracy is hence only limited by U -spin-
breaking effects. This approach is promising for CDF-II (∆γ|exp = O(10◦))
[59], and ideally suited for LHCb (∆γ|exp = O(1◦)) [44].
There are also other interesting strategies to determine γ with the help
of the U -spin symmetry: Bs(d) → J/ψKS, Bd(s) → D+d(s)D−d(s) [36] or
Bs(d) → J/ψ η [110], as well as B(s) → πK [111]. For the “prehistory”
of U -spin arguments in B decays, the reader is referred to Ref. [112].
10.1. EXTRACTION OF β AND γ
Looking at the diagrams shown in Fig. 11, we observe that Bs → K+K− is
obtained from Bd → π+π− by interchanging all down and strange quarks.
The structure of the corresponding decay amplitudes is given as follows:
A(B0d → π+π−) =
(
1− λ
2
2
)
C
[
eiγ − d eiθ
]
(154)
6U -spin is a subgroup of SU(3)F, relating down and strange quarks to each other.
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A(B0s → K+K−) = λ C′
[
eiγ +
(
1− λ2
λ2
)
d′eiθ
′
]
, (155)
where C′ and d′eiθ′ take the same form as C and d eiθ (see (93) and (94)).
Using the formalism discussed in Subsection 5.3 yields
AdirCP(Bd → π+π−) = function(d, θ, γ) (156)
AmixCP (Bd → π+π−) = function(d, θ, γ, φd = 2β) (157)
AdirCP(Bs → K+K−) = function(d′, θ′, γ) (158)
AmixCP (Bs → K+K−) = function(d′, θ′, γ, φs ≈ 0), (159)
where the Standard-Model expectation φs ≈ 0 can be probed through the
decay Bs → J/ψ φ. Consequently, we have four observables, depending on
six “unknowns”. However, since Bd → π+π− and Bs → K+K− are related
to each other by interchanging all down and strange quarks, the U -spin
flavour symmetry of strong interactions implies
d′eiθ
′
= d eiθ. (160)
Using this relation, the four observables (156)–(159) depend on the four
quantities d, θ, φd = 2β and γ, which can hence be determined.
10.2. MINIMAL USE OF THE U-SPIN SYMMETRY
The U -spin arguments can be “minimized”, if we employ φd = 2β as an
input, which can be determined straightforwardly from Bd → J/ψKS. The
observables AdirCP(Bd → π+π−) and AmixCP (Bd → π+π−) allow us then to
eliminate the strong phase θ and to determine d as a function of γ. Analo-
gously, AdirCP(Bs → K+K−) and AmixCP (Bs → K+K−) allow us to eliminate
the strong phase θ′ and to determine d′ as a function of γ. The correspond-
ing contours in the γ–d and γ–d′ planes can be fixed in a theoretically clean
way. Using the U -spin relation d′ = d, these contours allow the determina-
tion both of the CKM angle γ and of the hadronic quantities d, θ, θ′.
Let us illustrate this approach by considering the following example:
AdirCP(Bd → π+π−) = +24%, AmixCP (Bd → π+π−) = +4.4%,
AdirCP(Bs → K+K−) = −17%, AmixCP (Bs → K+K−) = −28%,
which corresponds to the input parameters d = d′ = 0.3, θ = θ′ = 210◦,
φs = 0, φd = 53
◦ and γ = 76◦. In Fig. 22, the corresponding contours in
the γ–d and γ–d′ planes are represented by the solid and dot-dashed lines,
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respectively. Their intersection yields a twofold solution for γ, given by 51◦
and our input value of 76◦. The dotted line is related to the quantity
K ≡ −
(
1− λ2
λ2
)[
AdirCP(Bd → π+π−)
AdirCP(Bs → K+K−)
]
, (161)
which can be combined with AmixCP (Bs → K+K−) through the U -spin rela-
tion (160) to fix another contour in the γ–d plane. Combining all contours
in Fig. 22 with one another, we obtain a single solution for γ, which is
given by the “true” value of 76◦. As an interesting by-product, the penguin
parameters d and θ, θ′ can be determined as well, allowing a comparison
with theoretical predictions and valuable insights into hadronic physics.
10.3. U-SPIN-BREAKING CORRECTIONS
It should be emphasized that the theoretical accuracy of γ and the hadronic
parameters d, θ, θ′ is only limited by U -spin-breaking effects. In particular,
it is not affected by FSI or penguin effects. Interestingly, the relation (160)
does not receive U -spin-breaking corrections within a modernized version of
the “Bander–Silverman–Soni mechanism” [106], making use – among other
things – of the factorization hypothesis to estimate the relevant hadronic
matrix elements [45]. This remarkable feature strengthens our confidence
into the U -spin relations used for the extraction of β and γ. However,
further theoretical studies of the U -spin-breaking effects in the Bd → π+π−,
Bs → K+K− system, employing, for example, the “QCD factorization”
approach [34], would be desirable.
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Apart from these theoretical considerations, it is also possible to obtain
experimental insights into U -spin breaking. A first consistency check is
provided by θ = θ′. Moreover, we may determine the normalization factors
|C| and |C′| of the B0d → π+π− and B0s → K+K− decay amplitudes (see
(154) and (155)) with the help of the corresponding CP -averaged branching
ratios. Comparing them with the “factorized” result
∣∣∣∣C′C
∣∣∣∣
fact
=
[
fK
fpi
] [
FBsK(M
2
K ; 0
+)
FBdpi(M
2
pi ; 0
+)
](
M2Bs −M2K
M2Bd −M2pi
)
, (162)
we have another interesting probe for U -spin-breaking effects. Moreover,
the U -spin relation (160) also implies
[
AdirCP(Bs → K+K−)
AdirCP(Bd → π+π−)
]
= −
∣∣∣∣C′C
∣∣∣∣
2
×
[
BR(Bd → π+π−)
BR(Bs → K+K−)
]
. (163)
In order to obtain further insights, the Bd → ρ+ρ−, Bs → K∗+K∗− system
would be of particular interest, allowing us to determine γ together with
the mixing phases φd and φs, and tests of several U -spin relations [84].
Further strategies to explore U -spin-breaking effects were recently discussed
in Ref. [113].
10.4. SEARCHING FOR NEW PHYSICS
Since penguin processes play an important role in the decays Bs → K+K−
and Bd → π+π−, they – and the strategy to determine γ, where moreover
the unitarity of the CKM matrix is employed – may well be affected by
new physics. Interestingly, the Standard Model implies a rather restricted
region in the space of the CP -violating observables of the Bs → K+K−,
Bd → π+π− system [95]. A future measurement of observables lying sig-
nificantly outside of this allowed region would be an immediate indication
for new physics. On the other hand, if the observables should lie within
the region predicted by the Standard Model, we can extract a value for γ
by following the strategy discussed above. This value for γ may well be in
conflict with other approaches, which would then also indicate the presence
of new physics.
11. Remarks on Other Rare Decays
Let us finally make a few remarks on other “rare” B decays, which occur
only at the one-loop level in the Standard Model, and involve b→ s or b→ d
flavour-changing neutral-current transitions: B → K∗γ, Bs,d → µ+µ−,
B → K∗µ+µ−, inclusive decays, etc. Within the Standard Model, these
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transitions exhibit small branching ratios at the 10−5...10−10 level, do not
show sizeable CP -violating effects, and depend on |Vts| and |Vtd|. A mea-
surement of these CKM factors from rare decays would be complementary
to the one from B0s,d–B
0
s,d mixing. Since they are absent at the tree level in
the Standard Model, rare B-decays represent interesting probes to search
for new physics, and have many other interesting aspects. For detailed dis-
cussions, the reader is referred to the reviews listed in Refs. [27, 114].
12. Conclusions and Outlook
The phenomenology of non-leptonic decays of B-mesons is very rich and has
been a field of very active research over the last couple of years. These modes
provide a very fertile testing ground for the Standard-Model description of
CP violation, and allow the direct determination of the angles of the uni-
tarity triangles. Here the goal is to overconstrain these triangles, which may
open a window to the physics beyond the Standard Model. As by-products,
some strategies allow also the determination of interesting hadronic param-
eters and provide valuable insights into hadronic physics. Moreover, there
are many other exciting aspects, for instance the physics potential of cer-
tain rare B-decays. In view of the rich experimental B-physics programme
of this decade and the strong interaction between theory and experiment,
I have no doubt that an exciting future is ahead of us.
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